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ABSTRACT
We analyze an abelian gauge model in 3 dimensions which includes massless scalar matter
fields. By controlling the trace anomalies with a local dilatation Ward identity, we show
that, in perturbation theory and within the BPHZL scheme, the Chern-Simons term has
no radiative corrections. This implies, in particular, the vanishing of the corresponding β
function in the renormalization group equation.
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1 Introduction
The topological nature of the Chern-Simons action in three space-time di-
mensions leads naturally to the conjecture that it should be insensitive
to local deformations such as the ones induced by the perturbative renor-
malization process of a local quantum field theory. That this is indeed so
for a pure, non abelian gauge field theory, was first confirmed by explicit
calculations [1, 2] and later proven to all perturbative orders [3, 4].
Although the techniques of the proofs adopted in this case are not
directly extendible to a gauge field interacting with matter, in particu-
lar when scalar fields are present 3, again the explicit low order calcu-
lations confirm that the Chern-Simons coupling constant has vanishing
β-function [5, 6].
Here we propose a proof of this assertion, valid to all perturbative orders,
which is based on local dilatation invariance ( general coordinate transfor-
mations in the Weyl’s scheme ) as discussed in [7]. The idea of the proof
is that the trace anomalies affecting the local dilatation Ward identity can
be controlled, in the flat limit, by a single dimensionless scalar external
field σ(x), whose infinite couplings are all identified by those appearing in
the classical σ-independent action.
Now the Chern-Simons term has the peculiarity of not being locally
gauge invariant, its variation being a total divergence. Therefore, in this
scheme where gauge and local dilatation invariance can be imposed inde-
pendently, it follows that this term does not generate σ-field counterterms
at any order and thus cannot contribute to the trace anomaly.
As expected this leads directly to the conclusion that the correspond-
ing β-function vanishes. Moreover, in the course of the proof we shall
also verify the stronger result that the Chern-Simons coupling does not
renormalize at all.
This is also an expected consequence of the topological nature of the
coupling which does not allow an identification in terms of a local nor-
3The case of only gauge and fermions fields can be treated with a slight extension of the method of
ref [7], indeed it is well known that fermion fields without Yukawa couplings are cohomologically trivial [8].
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malization condition; hence the only way out is, in a local quantum field
theory context, a complete insensitivity to radiative corrections.
For simplicity we shall treat the case of an abelian gauge field interacting
with a massless scalar field φ with a (φ†φ)3 self-interaction. The discus-
sion proceeds within the BPHZL [9] regularization independent scheme;
a more complete analysis including the Yang–Mills term as well as massive
scalar and fermion fields is in preparation [10].
2 The symmetries of the model
The classical action in the Landau gauge is
Σ =
∫
d3x
(
k
2ε
µνρAµ∂νAρ − (Dµφ)†(Dµφ)−
λ
36(φ
†φ)3
+∂µdA
µ − ∂µc¯∂µc+ iγ†φc− iγφ†c
)
,
(2.1)
where
Dµφ = ∂µφ− iAµφ . (2.2)
The BRS transformations are encoded in the nonlinear Slavnov identity
S(Σ) =
∫
d3x
(
∂µc
δΣ
δAµ
+ d
δΣ
δc¯
+
δΣ
δγ†
δΣ
δφ
+
δΣ
δγ
δΣ
δφ†
)
= 0 . (2.3)
The action Σ (2.1) satisfies the constraints:
δΣ
δd
= −∂A ,
δΣ
δc¯
= ∂2c , (2.4)
δΣ
δc
= −∂2c¯− iγ†φ+ iγφ† . (2.5)
The renormalizations compatible with (2.3), (2.4) and (2.5) are:
k → Zkk
λ→ Zλλ
φ→ Zφ
γ† → Z−1γ† .
(2.6)
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Notice that the ghost fields as well as the lagrangian multipliers do not
renormalize due to the conditions (2.4), (2.5) which identify uniquely the
gauge–fixing part of the action.
To include the local dilatations [7] we have to introduce a metric gµν(x) =
δµν+hµν(x), a connection ωµ and the transformations laws with parameters
λρ(x):
δgµν = λρ∂ρg
µν − gρν∂µλρ − gρµ∂νλρ +
2
3
gµν∂λ
δωµ = λ
ρ∂ρωµ + ωρ∂µλ
ρ − 16∂µ∂λ
δAµ = λ
ρ∂ρAµ + Aρ∂µλ
ρ
δφ = λρ∂ρφ+
1
6φ∂λ
δd = λρ∂ρd+
1
3d∂λ
δc¯ = λρ∂ρc¯+
1
3 c¯∂λ
δc = λρ∂ρc
δγ = λρ∂ργ +
5
6
γ∂λ .
(2.7)
The action (2.1) becomes invariant under the above transformations with
the replacements
δµν → gµν
∂µφ→ (∂µ + ωµ)φ
∂µd→ (∂µ + 2ωµ)d
∂µc¯→ (∂µ + 2ωµ)c¯ .
(2.8)
We will only be interested in the flat limit gµν → δµν , ω → 0 invariance
which we write as (
Wρ(x)Σ(ω, g)
)
F.L
= 0 . (2.9)
Due to the choice of the Weyl weights in (2.7) the BRS and δ symmetries
commute so that they can be discussed independently.
As analyzed in detail in Ref. [7], the Weyl representation is unstable
under radiative corrections and the ensuing trace anomalies, in the flat
limit, can be reabsorbed by a single dimensionless external fields σ(x) which
is BRS invariant and behaves as
δσ(x) = λρ∂ρσ(x) +
h¯
3
∂λσ(x) . (2.10)
The new Ward operator becomes
Wρ(x) =Wρ(x) + ∂ρσ(x)
δ
δσ(x)
−
h¯
3
∂ρ
δ
δσ(x)
, (2.11)
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which still commutes with the BRS transformations.
The introduction of the σ field forces us to consider the vertex func-
tional Γ of the model as a double formal power series in σ and h¯ with
coefficients Γ(n,m) at the order h¯nσm. The infinite number of σ-couplings
do not correspond however to independent parameters; as shown in [7] they
are recursively determined by the local dilatation Ward identity in the flat
limit in terms of the σ independent ones.
Two remark are now in order; first and foremost, the Chern-Simons
term cannot couple to the σ field since its BRS variation is a divergence.
Second, the presence of the σ field does not spoil the supplementary con-
ditions in (2.4), (2.5) which acquire σ dependent terms on the right-hand
side but which remain linear in the quantized fields. We can therefore sum-
marize the results thus far obtained by saying that in the flat limit we can
renormalize both the BRS symmetry and the local dilation Ward iden-
tity by allowing a σ dependence for the Z, Zλ renormalization constants,
but not for Zk. The effective action, in the sense of Zimmermann [9], is
therefore
Γeff =
∫
d3x
(
k
2Zkε
µνρAµ∂νAρ − (DµZ(σ)φ)
†(DµZ(σ)φ)
− λ36(Zλ(σ)Zλ(σ)
†
φ†φ)3 + ∂µdA
µ − ∂µc¯∂
µc
+iγ†φc− iγφ†c
)
,
(2.12)
where the free parameters are identified by the normalization conditions:
iεµνρ
pρ
p2
δ2Γ
δÂµ(p)δAν(0)
∣∣∣∣∣∣
A=φ=0, p2=µ2
≡ ΓA2(p
2)
∣∣∣
p2=µ2
= k , (2.13)
δ2Γ
δφ̂†(p)δφ(0)
∣∣∣∣∣∣
A=φ=0, p2=µ2
= −µ2 , (2.14)
δ6Γ
δφ̂†(p1)δφ̂†(p2)δφ̂†(p3)δφ̂(p4)δφ̂(p5)δφ(0)
∣∣∣∣∣∣
A=φ=0, symm. point µ2
= −λ ,
(2.15)
where the hat denotes the Fourier transform.
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3 The renormalization group equation and the local
dilatation invariance
Having identified the parameters in (2.13)–(2.15) we can write immediately
a renormalization group equation for the vertex functional Γ at σ = 0;
indeed a basis of Slavnov invariant differential vertex operator is provided
by
( ∂
∂k
,
∂
∂λ
, N =
∫
d3x
(
φ
δ
δφ
− γ†
δ
δγ†
)
, N † =
∫
d3x
(
φ†
δ
δφ†
− γ
δ
δγ
))
,
(3.1)
so that we have
(
µ
∂
∂µ
+ βk
∂
∂k
+ βλ
∂
∂λ
+ γφ
(
N +N †
))
Γ = 0 , (3.2)
where the coefficients βk, βλ, γφ can be computed with the help of the nor-
malization conditions (2.13)–(2.14), in particular we have
(
µ
∂ΓA2(p
2)
∂µ
)∣∣∣∣∣∣
p2=µ2
= −βk . (3.3)
In order to establish a connection with the Ward identity
(
Wρ(x)Γ
)
Flat−limit
= 0 , (3.4)
let us consider the insertion4
∂σΓ(σ)|σ=0 ≡
∫
d3x
δΓ(σ)
δσ(x)
∣∣∣∣∣∣
σ=0
. (3.5)
Moreover, by integrating the Ward operator in (2.11) with parameter λρ =
xρ we obtain (
D + h¯∂σ
)
Γ(σ) = 0 , (3.6)
where
D =
∑
ψ
∫
d3x
(
xρ∂ρψ + dψ
) δ
δψ
, (3.7)
4This insertion is well defined if the model has no infrared problems, which is also assumed in deriving
the renormalization group equation; otherwise we remain with the local dilation Ward identity which
controls the trace anomalies.
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and ψ denotes collectively the (Aµ, φ, φ
†) fields with canonical dimension
dψ =
(
1 ,
1
2
,
1
2
)
.
By considering (3.6) at σ = 0 we immediately find
µ
∂Γ
∂µ
= h¯ ∂σΓ(σ)|σ=0 . (3.8)
Let us now consider in detail the scaling behaviour imposed by (3.6) on
the coupling ΓA2(p
2) at the various orders in σ and h¯, with the constraint
that the effective action in (2.12) does not contain σ field couplings with
the Chern-Simons term.
In Fourier transform we obtain for Γ
(n,m)
A2 (p
2) the recursive relation
pρ
∂Γ
(n,m)
A2
∂pρ
+ Γ
(n−1,m+1)
A2 = 0 . (3.9)
Recalling that Γ
eff(n,m)
A2 = 0 for m ≥ 1, and using the Ward identity
(3.4), we shall be able to identify the general solution of Γ
(n,0)
A2 (p
2) as a
function of p2 parametrized with coefficients which are dependent on the
dimensionless constant κ and on lnµ2; then we shall employ the normal-
ization condition (2.13) and the power counting in order to find the µ2
dependence of Zk.
For n = 1, m = 0 we get
pρ
∂Γ
(1,0)
A2 (p
2)
∂pρ
= 0 , (3.10)
hence
Γ
(1,0)
A2 = α
1
0 , (3.11)
where α10 is a p
2-independent constant.
At the next order n = 2, m = 0 we obtain
pρ
∂Γ
(2,0)
A2
∂pρ
+ Γ
(1,1)
A2 = 0 , (3.12)
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and also, for n = 1, m = 1
pρ
∂Γ
(1,1)
A2
∂pρ
= 0 , (3.13)
hence
Γ
(1,1)
A2 (p
2) = α11 , Γ
(2,0)
A2 (p
2) = −
1
2
α11 ln(p
2) + α20 . (3.14)
Proceeding inductively we find
Γ
(n,0)
A2 (p
2) =
n−1∑
j=0
(−
1
2
)
j
α
n−j
j (ln p
2)j , n ≥ 1 (3.15)
where the αn−jj are functions of lnµ
2 and κ. Now the power counting
properties of Γ
(n,0)
A2 (p
2) imply that the above expression can be rewritten as
Γ
(n,0)
A2 (p
2) =
n−1∑
j=0
γnj (ln
p2
µ2
)j , n ≥ 1 (3.16)
where the γnj are µ
2 independent and uniquely determine the lnµ2 depen-
dence of the αn−jj by
(−
1
2
)jαn−jj =
n−1∑
r=j
γnr (− lnµ
2)r−j
j!
(r − j)!r!
, n ≥ 1 . (3.17)
The normalization condition (2.13) yields
γn0 = 0 , n ≥ 1 , (3.18)
so that the perturbative power series for the βk and the Z
(n)
k renormaliza-
tion constant are given , in terms of (3.16) by
β
(1)
k = 0 , β
(n)
k = γ
n
1 , Z
(1)
k = 0 , Z
(n)
k =
n−1∑
j=1
γnj (− lnµ
2)j , n ≥ 2 . (3.19)
In particular we see that the one loop βk function is identically zero and
that the vanishing of the higher orders is related to the vanishing of the γn1
coefficients.
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4 Non-renormalization of the Chern-Simons term
In order to prove that the Z
(n)
k ’s vanish or equivalently that all γ
n
k also do so,
we employ relations (3.5), (3.19) and the Quantum Action Principle [11].
Now all the Slavnov invariant, σ dependent insertions are deducible from
the effective action in (2.12); expanding the renormalization constants Zλ,
Z to first order in σ
Zλ(σ) = Z
(0)
λ + σZ
(1)
λ +O(σ
2)
Z(σ) = Z(0) + σZ(1) +O(σ2) ,
(4.1)
and considering the basis of insertions
∆CS =
1
2
∫
d3x εµνρAµ∂νAρ ,
∆λ = −
1
36
∫
d3x (φ†φ)3 ,
∆ = −
∫
d3x (Dµφ)
†(Dµφ) ,
(4.2)
we find
(
µ
∂Z
∂µ
)∣∣∣∣∣
σ=0
=
1
h¯
(
µ
∂Γeff
∂µ
· Z
)∣∣∣∣∣∣
σ=0
(4.3)
=
(
kµ
∂Zk
∂µ
∆CS + µ
∂(Z(0)Z(0)†)
∂µ
∆+ µ
∂
(
Z
(0)
λ (Z
(0)Z(0)†)3
)
∂µ
∆λ
)
· Z
∣∣∣∣∣∣∣∣
σ=0
,
and likewise
(
h¯
∂Z
∂σ
)∣∣∣∣∣
σ=0
=
(∂Γeff
∂σ
· Z
)∣∣∣∣∣∣
σ=0
(4.4)
=
(
(Z(1) + Z(1)†)∆ +
(
3Z
(0)
λ (Z
(1) + Z(1)†) + Z
(1)
λ (Z
(0)Z(0)†)3
)
∆λ
)
· Z
∣∣∣∣
σ=0
,
where Z denotes the disconnected functional whose connected part Zc is
given by the Legendre transform of the the vertex functional Γ:
Zc(J, σ) = Γ(σ) +
∑
ϕ=all fields
∫
d3x Jϕ . (4.5)
Since the left hand sides of (4.3), (4.4) coincide, and we have expandend
on an independent basis, we obtain the relation
µ
∂Zk
∂µ
= 0 , (4.6)
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which, substituing (3.19), implies recursively
γnj = 0 , n ≥ 1 . (4.7)
The proof presented here proceeds straightforwardly once the main
point, i.e. the lack of local gauge invariance of the Chern-Simons term
is recognized as the property which accounts for the absence of the cor-
responding trace anomalies. Clearly a similar method can be applied to
discuss generalizations of this model, for instance the inclusions of massive
scalars, fermions with Yukawa coupling etc.
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